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Local tube realizations of CR-manifolds and maximal
abelian subalgebras
GREGOR FELS and WILHELM KAUP
Abstract For every real-analytic CR-manifoldM we give necessary and sufficient conditions thatM can
be realized in a suitable neighbourhood of a given point a ∈ M as a tube submanifold of some Cr . We
clarify the question of the ‘right’ equivalence between two local tube realizations of the CR-manifold germ
(M,a) by introducing two different notions of affine equivalence. One of our key results is a procedure
that reduces the classification of equivalence classes to a purely algebraic manipulation in terms of Lie
theory.
Mathematics Subject Classification Primary 32V05; Secondary 32V40, 32M25, 17B66
1. Introduction
Among all CR-submanifolds of Cr a special class is formed by the tube submanifolds, that is, by real
submanifolds of the form
(1.1) TF = IR
r + iF
with F an arbitrary submanifold of IRr , called the base of TF . CR-manifolds of this type play a fundamental
role in CR-geometry as they often serve as test objects. In addition, the interplay between real geometric
properties of the base F and CR-properties of the associated tube TF are quite fruitful. An early example
of this interplay is well known in the case of open tube submanifolds: The tube domain TF ⊂ Cr is
holomorphically convex if and only if the (open) base F ⊂ IRr is convex in the elementary sense. Clearly,
in the context of CR-geometry, domains in Cr are not of interest. In fact, we will mainly consider CR-
manifolds M = (M,HM,J) which are holomorphically nondegenerate, i.e., ξ = 0 is the only holomorphic
vector field on M , which is a section in the subbundle HM . We note in passing that in the tube situation the
general case can be reduced to the nondegenerate one as every such CR-manifold is locally a direct product
of some Ck and a holomorphically nondegenerate CR-manifold.
For instance, interesting examples of holomorphically nondegenerate tube submanifolds are obtained
as follows: Let Ω ⊂ IRr be an open convex cone such that the corresponding tube domain TΩ ⊂ Cr is
biholomorphically equivalent to an irreducible bounded symmetric domain. Then the group G = GL(Ω) :=
{g ∈ GL(r, IR) : g(Ω) = Ω} acts transitively on Ω and for every non-open G-orbit F ⊂ IRr with F 6=
{0} the corresponding tube TF is Levi degenerate but still is holomorphically nondegenerate [18]. The
example of lowest possible dimension occurs with the future cone Ω = {x ∈ IR3 : x3 >
√
x21 + x
2
2}
in 3-dimensional space-time and F = {x ∈ IR3 : x3 =
√
x21 + x
2
2 > 0} the future light cone. The
future light cone tube TF has been studied by many authors and has remarkable properties, compare [9] and
the references therein. Until recently, this tube manifold TF was, up to local CR-isomorphy, the only known
example of a 5-dimensional Levi degenerate, holomorphically nondegenerate and locally homogeneous CR-
manifold. A full classification of CR-manifolds of this type could be obtained in [10] – surprisingly all
possible examples turned out to be locally representable as tube manifolds.
Since tube manifolds are quite easy to deal with it is of interest to decide whether a given CR-manifold
M is CR-isomorphic, at least locally around a given point a ∈ M , to a tube submanifold of some Cr.
Another question is how many ‘different’ tube realizations a given CR-manifold germ does admit. In the
particular case of spherical hypersurfaces the following result has been obtained in [7] by solving a certain
partial differential equation coming from the Chern-Moser theory [6]: For every r ≥ 2 there exist, up to
affine equivalence, precisely r + 2 closed smooth tube submanifolds of Cr that are locally CR-isomorphic
to the euclidian sphere S2r−1 ⊂ Cr. In [12], [13] the same method has been used for a certain more general
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class of CR-flat manifolds. All the above results rely on Chern-Moser theory and therefore only apply to
CR-manifolds that are Levi nondegenerate and of hypersurface type.
In this note we use a different method that applies to all CR-manifolds (for simplicity we work in
the category of real-analytic CR-manifolds). This method is more algebraic in nature and starts from the
following simple observation: A real submanifold M ⊂ Cr is tube (1.1) if and only if M is invariant under
all real translations z 7→ z + v with v ∈ IRr. In particular, g := hol(M,a), the Lie algebra of all (germs
of real-analytic) infinitesimal CR-transformations at a, contains the abelian Lie subalgebra induced by the
above translations. Therefore it is not unexpected that every tube realization of an arbitrarily given CR-
manifold germ (M,a) is strongly related to a certain abelian Lie subalgebra v of hol (M,a), see Prop. 4.1
and Prop. 4.3 for precise statements.
In a slightly different form the Lie algebra v has already been used in [1] for the characterization
of tube manifolds (in fact more generally in the context of abstract smooth CR-manifolds and the solution
of the local integrability problem for rigid CR-manifolds; on the other hand we do not need to assume
that the evaluation map εa : v → TaM is injective). But, in contrast to [1] our intentions are completely
different - we mainly focus on the question how may ‘essentially’ different tube realizations of a given
CR-manifold germ (M,a) do exist. This question of equivalence for different local tube realizations of a
given CR-manifold is a bit more subtle than it might appear at the first glance. We introduce two different
notions of equivalence to which we refer accordingly as to the ‘strict’ and the ‘coarse’ affine equivalence.
Our impression is that the latter one is more appropriate in the context of local tube realizations.
In Section 4 we give necessary and sufficient conditions for an abelian subalgebra v ⊂ g to give a
local tube realization of (M,a). This characterization also includes for every v an easy to compute canonical
form of a local CR-isomorphism to the corresponding tube realization of (M,a). It is also shown that any
two local tube realizations of the germ (M,a) are affinely equivalent (in the strict sense) if and only if the
corresponding abelian subalgebras v , v ′ ⊂ g are conjugate with respect to the stability group Aut(M,a).
The ‘coarse’ equivalence relation for tube realizations of the germ (M,a) is, roughly speaking, defined
as follows: Two tube realizations (T, c), (T ′, c′) of (M,a) in Cr are considered to be equivalent in this
broader sense if the representing tube submanifolds T, T ′ ⊂ Cr can be chosen in such a way that T ′ = g(T )
for some affine isomorphism g on Cr (that is, without requiring c′ = g(c) in addition).
While it is not surprising that the existence of a tube realization for (M,a) is closely related to the
existence of a certain ‘big’ abelian Lie subalgebra of g = hol (M,a), it is not at all clear what the relation
between various tube realizations and the corresponding abelian subalgebras in hol (M,a) should be. One
of our main results is then obtained in Section 7, where we introduce the subgroup Glob(M,a) ⊂ Aut(g )
and show for a large class of CR-manifolds M that the local tube realizations of (M,a) are equivalent in
the coarser sense if and only if the corresponding abelian subalgebras v , v ′ are conjugate with respect to the
group Glob(M,a).
In Sections 8 and 9 we apply our general theory to some concrete cases. For instance, we relate the re-
sults from [7] with our algebraic point of view, and identify the various abelian subalgebras of hol (S2r−1, a),
S2r−1 ⊂ Cr the standard sphere, which correspond to various defining equations in [7].
In the last two sections we generalize the notion of a tube submanifold to the notion of a Siegel
submanifold. This is motivated by the well known fact that every bounded homogeneous domain can be
realized as a Siegel domain, thus giving a lot of additional insight to the structure of those domains. In the
forthcoming paper [11] our method will be applied to the class of all Levi non-degenerate real hyperquadrics
in Cr in order to obtain a full algebraic characterization of local tube realizations in such cases.
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2. Preliminaries and notation
Abstract CR-manifolds. A triple (M,HM,J) is called an (abstract) CR-manifold (CR stands for Cauchy-
Riemann) if M is a (connected if not stated otherwise explicitly) smooth manifold, HM is a smooth sub-
bundle of its tangent bundle TM and J is a smooth bundle endomorphism of HM with J2 = − id. For
simplicity we often write just M instead of (M,HM,J). For every a ∈M the restriction of J to the linear
subspace HaM ⊂ TaM makes HaM to a complex vector space, we call it the holomorphic tangent space to
M at a (in the literature HaM is also called the complex tangent space and denoted by TcaM ). Its complex
dimension is called the CR-dimension and the real dimension of TaM/HaM is called the CR-codimension
of M . With M = (M,HM,J) also M conj := (M,HM,−J) is a CR-manifold; we call it the conjugate of
M .
A smooth map g : M → M ′ between two CR-manifolds is called CR if for every a ∈ M and
a′ := g(a) the differential dga : TaM → Ta′M ′ maps the corresponding holomorphic subspaces in a
complex linear way to each other. Also, g is called anti-CR if g is CR as a map M conj →M ′.
For every smooth vector field ξ on M and every a ∈ M we denote by ξa ∈ TaM the corresponding
tangent vector at a. Furthermore, ξ is called an infinitesimal CR-transformation of M if the corresponding
local flow on M consists of CR-transformations. With ξ, η also the usual bracket [ξ, η] is an infinitesimal
CR-transformation.
It is obvious that every smooth manifold M can be considered as a CR-manifold with CR-dimension
0 (these are called the totally real CR-manifolds). The other extreme is formed by the CR-manifolds with
CR-codimension 0, these are precisely the almost complex manifolds. Among the latter the integrable ones
play a special role, the complex manifolds. CR-mappings between complex manifolds are precisely the
holomorphic mappings.
CR-manifolds in this paper are understood to be those M = (M,HM,J) that are real-analytic and inte-
grable in the following sense: M is a real-analytic manifold and there is a complex manifold Z such that
M can be realized as a real-analytic submanifold M ⊂ Z with HaM = TaM ∩ iTaM and J(ξ) = iξ
for every a ∈ M , ξ ∈ HaM , where TaM is considered in the canonical way as an IR-linear subspace of
the complex vector space TaZ . This notion of integrability is equivalent to the vanishing of the restricted
Nijenhuis tensor. We refer to [5] or [3] for further details. The embedding M ⊂ Z above can always be
chosen to be generic, that is, TaZ = TaM + iTaM for all a ∈ M . In that case the (connected) complex
manifold Z has complex dimension (CR-dimM+CR-codimM ).
CR-isomorphisms between CR-manifolds are always understood to be analytic in both directions.
In particular, Aut(M) is the group of all (bianalytic) CR-automorphisms of M and Auta(M) := {g ∈
Aut(M) : g(a) = a} is the isotropy subgroup at the point a ∈M . With Aut(M,a), also called th stability
group at a, we denote the group of all CR-automorphisms of the manifold germ (M,a). Then Auta(M) can
be considered in a canonical way as a subgroup of Aut(M,a).
With hol(M)we denote the space of all real-analytic infinitesimal transformations of the CR-manifold
M and with hol(M,a) the space of all germs at a ∈ M of vector fields ξ ∈ hol(N) where N runs
through all open connected neighbourhoods of a in M . Then hol (M) as well as every hol (M,a) to-
gether with the bracket [ , ] is a real Lie algebra (of possibly infinite dimension). The canonical restriction
mapping ρa : hol(M) → hol(M,a) is an injective homomorphism of Lie algebras. Every isomorphism
g : (M,a) → (M ′, a′) of CR-manifold germs induces in a canonical way a Lie algebra homomorphism
g∗ : hol(M,a) → hol (M ′, a′). Its inverse is the pull back g∗. Clearly, g 7→ g∗ defines a group homomor-
phism Ad : Aut(M,a)→ Aut(hol (M,a)).
A vector field ξ ∈ hol(M) is called complete on M if the corresponding local flow extends to a
one-parameter group IR → Aut(M). The image of 1 ∈ IR is denoted by exp(ξ). In this sense we have
the exponential map exp : aut (M) → Aut(M), where aut (M) is the set of all complete ξ ∈ hol(M). In
general, aut (M) ⊂ hol(M) is neither a linear subspace nor closed under taking brackets. But, if there exists
a Lie subalgebra g ⊂ hol(M) of finite dimension with aut (M) ⊂ g , then aut (M) itself is a Lie subalgebra
[19] and on Aut(M) there exists a unique Lie group structure (in general not connected) such that exp is
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a local diffeomorphism in a neighbourhood of 0 ∈ aut (M). Furthermore, the map Aut(M) ×M → M ,
(g, a) 7→ g(a), is real-analytic.
In case M is generically embedded as a real-analytic CR-submanifold of a complex manifold Z then
a vector field ξ on M is in hol(M) if and only if ξ has an extension ξ˜ to a holomorphic vector field on a
suitable open neighbourhood U of M in Z (that is, ξ˜ is a holomorphic section over U in its tangent bundle
TU ). The Lie algebras hol (Z) and hol(Z, a) are complex Lie algebras and g := hol (M,a) is in a canonical
way a real subalgebra of hol(Z, a). The CR-manifold germ (M,a) is called holomorphically nondegenerate
if g is totally real in hol(Z, a), that is, g ∩ ig = {0}. In this case there is a unique antilinear Lie algebra
automorphism σ of gC := g + i g ⊂ hol(Z, a) with g = Fix(σ). Clearly, real Lie subalgebras of g and
σ-invariant complex Lie subalgebras of gC are in a natural 1-1-correspondence.
In general, a vector field ξ ∈ hol (M) only can be integrated to a local 1-parameter group of CR-
transformations gt that we also denote by exp(tξ). The reason for this notation in the analytic case is the
following: To every a ∈ M and every open neighbourhood W of a ∈ Z there is a further open neighbour-
hood U ⊂ W of a ∈ Z and an ε > 0 such that the gt are defined as holomorphic mappings U → W for
|t| < ε and satisfy for every holomorphic mapping f : W → Cn the formula
f ◦ gt|U =
∞∑
k=0
1
k!
(tξ)k(f |U ) .
In particular, if f gives a local chart for Z around a then the gt on U can be recovered from the right side of
this formula.
2.1 Lemma. Let Z be a connected complex manifold of dimension n and e ⊂ hol(Z, a) an abelian complex
Lie subalgebra with εa(e) = TaZ , where εa is the evaluation map ξ 7→ ξa. Then εa induces a complex linear
isomorphism from e onto TaZ . In particular, e also has dimension n and is maximal abelian in hol (Z, a).
Proof. Let η ∈ e be an arbitrary element with ηa = 0. We have to show η = 0. Fix a linear subspace a ⊂ e
such that εa : a → TaZ is an isomorphism. We may assume that a ⊂ hol (U) for some open neighbourhood
U ⊂ Z of a and also that every z ∈ U is of the form z = exp(ξ)(a) for some ξ ∈ a . For every such z then
[η, ξ] = 0 implies exp(tη)(z) = exp(ξ) exp(tη)(a) = exp(ξ)(a) = z for |t| small, that is, η = 0.
For the sake of clarity we mention that in case n = dimZ ≥ 2 there exist abelian subalgebras
e ⊂ hol(Z, a) of arbitrary dimension. However, in general these do not span TaZ .
The CR-manifold M is called homogeneous if the group Aut(M) acts transitively on M . Also, M is
called locally homogeneous if for every a, b ∈M the manifold germs (M,a), (M, b) are CR-isomorphic. By
[21] this is equivalent to εa(hol (M,a)) = TaM for every a ∈ M . The CR-manifold M is called minimal
if every smooth submanifold N ⊂M with HaM ⊂ TaN for all a ∈ N is already open in M .
For later use (Proposition 6.3) we state
2.2 Lemma. Let Z be a complex manifold and M ⊂ Z a (connected real-analytic) generic and minimal
CR-submanifold. Then for every closed complex-analytic subset A ⊂ Z the set M\A is connected.
Proof. We first show that the proof of the Lemma can be reduced to the case when A ⊂ Z is non-singular.
Indeed, there is an integer k ≥ 1 and a descending chain A = A0 ⊃ · · · ⊃ Ak = ∅ of analytic subsets
such that Aj is the singular locus of Aj−1 for all j = 1, . . . , k. Put Mj := M\Aj . Then Aj−1\Aj is
analytic in Zj := Z\Aj and Mj−1 = Mj\(Aj−1\Aj). Therefore it suffices to show inductively that M =
Mk,Mk−1, . . . ,M0 all are connected. For the rest of the proof we therefore assume that A is nonsingular
and also, contrary to the claim of the Lemma, that M\A is disconnected. Notice that this implies
(∗) TaM ∩ TaA 6= TaM for all a ∈M ∩A ,
since otherwise M\A = ∅ would be connected as a consequence of TaZ = TaM + iTaM ⊂ TaA ⊂ TaZ .
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The intersection S := A ∩M is a real-analytic set. Again, there is an integer r ≥ 1 and a descending
chain S = S0 ⊃ · · · ⊃ Sr = ∅ of real-analytic subsets such that Sj is the singular locus of Sj−1 for all
j = 1, . . . , r. Choose j ≤ r minimal with respect to the property that M\Sj is connected. Then j > 0 by
the above assumption and M\Sj−1 = (M\Sj)\(Sj−1\Sj) is disconnected. In particular, also (M\Sj)\N
is disconnected, where we denote by N the union of all connected components of (Sj−1\Sj) that have
codimension 1 in M . Clearly, (∗) improves to
(∗∗) TaM ∩ TaA = TaN for all a ∈ N .
Since M is minimal by assumption there exists an a ∈ N with HaM 6⊂ TaN and hence with HaM 6⊂ TaA
by (∗∗). Since HaM and TaA are complex linear subspaces, there is a linear subspace V ⊂ HaM ⊂ TaM
of real dimension ≥ 2 with HaM = V ⊕ (HaM ∩ TaA). But then V ∩ TaN = V ∩ (TaM ∩ TaA) = 0
gives a contradiction since TaN is a real hyperplane in TaM . This shows that M\A cannot be assumed to
be disconnected, and the proof is complete.
Notice that the assumption on M in Lemma 2.2 is automatically satisfied if M is of hypersurface type
and has nowhere vanishing Levi form. Indeed, if M is a hypersurface and is not minimal in a ∈M then the
Levi form of M at a vanishes.
Convention for notating vector fields. In this paper we do not need the complexified tangent bundle
TM ⊗IR C of M . All vector fields occurring here correspond to ‘real vector fields’ elsewhere. In partic-
ular, if E is a complex vector space of finite dimension and U ⊂ E is an open subset then the vector fields
ξ ∈ hol (U) correspond to holomorphic mappings f : U → E, and the correspondence is given in terms of
the canonical trivialization TU ∼= U × E by identifying the mapping f with the vector field ξ = (idU , f).
To have a short notation we also write
ξ = f(z) ∂/∂z .
As soon as the vector field ξ = f(z) ∂/∂z is considered as differential operator, special caution is necessary:
ξ applied to the smooth function h on U is ξh = f(z) ∂/∂z h + f(z) ∂/∂z h. We therefore stress again that
we write
ξ = f(z) ∂/∂z instead of ξ = f(z) ∂/∂z + f(z) ∂/∂z elsewhere ,
and this convention will be in effect allover the paper.
3. Tube manifolds
Throughout this section let V be a real vector space of finite dimension and E := V ⊕ iV its com-
plexification. For every (connected and locally closed) real-analytic submanifold F ⊂ V the manifold
T := TF := V + iF ⊂ E
is a CR-submanifold of E, called the tube over the base F . Obviously, a real-analytic submanifold M ⊂ E
is a tube in this sense if and only if M + V = M . Tubes form a very special class of CR-manifolds. For
instance, Aut(T ) contains the following abelian translation group isomorphic to the vector group V
Γ := {z 7→ z + v : v ∈ V } .
Since T = Γ(iF ) it is enough to study the local CR-structure of the tube T only at points ia ∈ iF ⊂ T . For
these
TiaT = V ⊕ iTaF and HiaT = TaF ⊕ iTaF ⊂ E
is easily seen. In particular, T is generic in E. For every further tube T ′ = V ′ + iF ′ in a complex vector
space E′ = V ′ ⊕ iV ′ with F ′ ⊂ V ′ every real affine mapping g : V → V ′ with g(F ) ⊂ F ′ extends to
a complex affine mapping g˜ : E → E′ with g˜(T ) ⊂ T ′ and thus gives a CR-map T → T ′. Therefore, F
(locally) being affinely homogeneous implies that the tube T is (locally) CR-homogeneous. The converse is
not true in general.
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3.1 Lemma. Suppose that T = V + iF is a tube submanifold of the complex vector space E = V ⊕ iV
and that a ∈ T is an arbitrary point. Then the following conditions are equivalent.
(i) T is of finite type at a.
(ii) T is minimal at a.
(iii) The smallest affine subspace of V containing F is V itself.
Proof. It is enough to show the implication (iii) =⇒ (i). We therefore assume (iii) and identify E = Cn
with IRn × IRn in the standard way via (x + iy) ∼= (x, y). Without loss of generality we assume that T
contains the origin of E and is given in a suitable neighbourhood of it by real-analytic equations
yj = fj(y1, . . . , yk), k < j ≤ n,
where every fj vanishes of order ≥ 2 at the origin of IRk. The assumption (iii) implies that the germs of the
functions fk+1, . . . , fn at 0 ∈ IRk are linearly independent. For all 1 ≤ ℓ,m ≤ k the vector fields
ξℓ := − ∂/∂xℓ +
∑
j>k
∂fj/∂yℓ
∂/∂xj and η
m := ∂/∂ym −
∑
j>k
∂fj/∂ym
∂/∂yj
(expressed in the real coordinates (x, y) of E) are sections in the holomorphic subbundle HT over the tube
manifold T . Also, for every multi-index ν = (ν1, . . . , νk) ∈ INk with |ν| := ν1 + . . . + νk ≥ 1 and every
ℓ = 1, . . . , k we have
(3.2) (ad η1)ν1(ad η2)ν2 · · · (ad ηk)νkξℓ =
∑
j>k
(
∂|ν|/∂yν
(
∂fj/∂yℓ
))
∂/∂xj .
Denote by S ⊂ T0T the linear subspace spanned by H0T and all vector fields (3.2). Assume that there
exists a non-trivial linear form λ on T0T with λ(S) = 0 and put f :=
∑
j>k fj with dj := λ( ∂/∂zj) .
Then dj 6= 0 for some j > k, that is, f 6≡ 0. On the other hand, (3.2) shows that all partial derivatives of
f of order ≥ 2 vanish. By choice of the functions fj also all partial derivatives of f of order < 2 vanish, a
contradiction. Therefore S = T0T and (i) must hold.
3.3 Proposition. Suppose that T = V + iF is a tube submanifold of the complex vector space E = V ⊕ iV
and suppose, without loss of generality, that T contains the origin of E. Then there exist complex linear
subspaces E′, E′′ of E and tube submanifolds T ′ ⊂ E′, T ′′ ⊂ E′′ with the following properties:
(i) T ′ is an IR-linear subspace of E′ with E′ = T ′ + iT ′.
(ii) T ′′ is holomorphically nondegenerate and of finite type at every point.
(iii) E = E′ ⊕ E′′ and T is open in T ′ + T ′′.
Proof. By Lemma 3.1 we assume without loss of generality that V is the linear span of F . We then verify
the claim with T ′ = E′.
For every a ∈ T put ha := hol(T, a)∩ i hol (T, a) and Ea := εa(ha). Then ha is a complex Lie subalgebra
of hol (E, a) and Ea ⊂ E is a complex linear subspace. Denote by M ⊂ T the subset of all points at which
the function a 7→ dimEa takes a global maximum and fix a connected component S of M . Then S is open
in T and k := dimEa does not depend on a ∈ S. Let G be the Grassmannian of all k-planes in E and
consider the map ϕ : S → G, a 7→ Ea. For every a ∈ S the map ϕ is constant on (a + V ) ⊂ S. Since ϕ is
CR we conclude that T ′ := E′ := Ea does not depend on a ∈ S. Now fix an arbitrary vector α ∈ E′ and
consider the constant vector field ξ = α∂/∂z on E. Since ξ is tangent to S it is also tangent to T , that is, the
germ ξa ∈ hol(E, a) is contained in ha for all a ∈ T . As a consequence we get E′ ⊂ Ea and thus E′ = Ea
for all a ∈ T . There exists a linear subspace V ′′ ⊂ V with E = E′ ⊕ E′′ for E′′ := V ′′ ⊕ iV ′′. The image
T ′′ of T with respect to the canonical projection E → E′′ is a tube submanifold of E′′ satisfying (iii). The
base F ′′ of T ′′ spans the vector space V ′′, that is, T ′′ is of finite type by Lemma 3.1. For the proof of the
first part in (ii) we may assume without loss of generality that E′ = 0 holds, that is, E = E′′. But then by
the above arguments we have ha = 0 for all a ∈ T , that is, T = T ′′ is holomorphically nondegenerate.
It is known that for every holomorphically nondegenerate minimal CR-manifold germ (M,a) the
Lie algebra hol(M,a) has finite dimension, compare Theorem 12.5.3 in [3]. Calling a CR-manifold germ
(M,a) of tube type if it is CR-isomorphic to a germ (T, c) with T a tube manifold we therefore get the
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3.4 Corollary. Let (M,a) be a CR-manifold germ of tube type. Then there exist unique integers k, l ≥ 0
and a holomorphically nondegenerate CR-submanifold M ′ ⊂ M of finite type with a ∈ M ′ such that
(M,a) is CR-isomorphic to the direct product (Ck, 0)× (IRl, 0)× (M ′, a). Furthermore:
(i) (M,a) is holomorphically nondegenerate if and only if k = 0.
(ii) (M,a) is of finite type if and only if l = 0.
(iii) hol (M,a) has finite dimension if and only if k = l = 0.
As shown in [4], to every real-analytic CR-submanifold M ⊂ Cn there exists a proper real-analytic
subset A ⊂M such that the germ (M,a) is CR-isomorphic to (Ck, 0)× (M ′, a) for some k ≥ 0 and some
holomorphically nondegenerate CR-submanifold M ′ ⊂M containing a, provided a ∈M\A. Corollary 3.4
implies that A can be chosen to be empty if M is of tube type.
An analyticity criterion. In the following k-differentiable always means Ck for 1 ≤ k ≤ ∞. For ev-
ery abstract k-differentiable CR-manifold N then the tangent bundle TN is of class Ck−1 and we denote
by Xk−1(N) the IR-linear space of (k−1)-differentiable infinitesimal CR-transformations on N . Unless
k = k−1 = ∞, the space Xk−1(N) is not a Lie algebra in general. But again, for every k-differentiable
CR-diffeomorphism ϕ : N → M we have a canonical linear isomorphism ϕ∗ : Xk−1(N) → Xk−1(M).
Clearly, every real-analytic CR-manifold M can be considered as a k-differentiable CR-manifold in a canon-
ical way and hol (M) ⊂ Xk−1(M) in this sense.
3.5 Proposition. Let M be a real-analytic holomorphically nondegenerate CR-manifold and let V + iF
be a k-differentiable tube submanifold of the complex vector space E := V ⊕ iV . Suppose that N is an
open subset of V + iF and that there exists a k-differentiable CR-diffeomorphism ϕ : N → M with
ϕ∗v ⊂ hol (M) for v := {v ∂/∂z : v ∈ V } ⊂ Xk−1(N). Then N ⊂ E is a (locally-closed) real-analytic
subset of E and ϕ is a bianalytic CR-diffeomorphism.
Proof. Fix an arbitrary point a ∈M . Since the claim is of local nature we may assume that M is generically
embedded in E. The local flows of vector fields in v commute. Therefore the image w := ϕ∗v is an abelian
subalgebra of hol(M) ⊂ hol(M,a) and εa(wC) = E. By Proposition 4.1 we may assume without loss
of generality that M = V + iH is a real-analytic tube submanifold of E and that w = v ⊂ hol(M,a).
Applying a suitable affine transformation to M we may assume in addition that a ∈ N , ϕ(a) = a and ϕ :
v → v is the identity. For suitable open subsets U,W ⊂ V we may assume furthermore that F ⊂W , N =
U+iF and that there exist k-differentiable functions f, g : U×W → V satisfying ϕ(z) = f(x, y)+ig(x, y)
for all x, y ∈ U with z = x + iy ∈ N . The condition ϕ∗ = idv implies ∂f/∂x ≡ idV and ∂g/∂x ≡ 0 on
U × F . The CR-property then gives ∂f/∂y |c(v) = 0 and ∂g/∂y |c(v) = v for all c = (e, f) ∈ U × F and
v ∈ TfF . Because of ϕ(a) = a this implies ϕ(z) = z for all z ∈ N near a, that is, the manifold germs
(N, a) and (M,a) coincide.
Proposition 3.5 implies that in case Xk−1(M,a) = hol(M,a) for every a ∈ M , every k-differen-
tiable tube realization N ⊂ E of M is real-analytic. This happens, for instance with k = 1, if M is of
hypersurface type with nowhere vanishing Levi form. Indeed, by Theorem 3.1 in [2] every 1-differentiable
CR-diffeomorphism between open subsets of M is real-analytic.
4. Tube realizations
In the following M is a CR-manifold generically embedded in the complex manifold Z and a ∈M is
a given point. Then the tube realizations ϕ : (M,a)→ (T, c) and ϕ : (M,a)→ (T ′, c′) with tubes T ⊂ E,
T ′ ⊂ E′ as in Section 3 are called affinely equivalent if the tube germs (T, c), (T ′, c′) are equivalent under
an affine isomorphism λ : E → E′, or equivalently, if ϕ′ ◦ g = λ ◦ ϕ for some g ∈ Aut(M,a) and some
affine isomorphism λ. Also, we call the subsets v , v ′ ⊂ hol(M,a) conjugate with respect to Aut(M,a) if
v ′ = g∗(v) for some g ∈ Aut(M,a).
4.1 Proposition. The affine equivalence classes of tube realizations of the germ (M,a) are in 1-1-corre-
spondence to the Aut(M,a)-conjugacy classes of abelian Lie subalgebras v ⊂ g := hol(M,a) satisfying
(i) v is totally real in hol(Z, a),
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(ii) e := v ⊕ iv ⊂ hol(Z, a) spans the full tangent space TaZ .
Proof. Suppose that for the tube submanifold T = V + iF ⊂ E the CR-isomorphism ϕ : (M,a)→ (T, c)
is given. Then v := {ϕ∗(v ∂/∂z ) : v ∈ V } ⊂ g satisfies the conditions (i) and (ii). For every affine
isomorphism λ : E → E′ and every tube realization ϕ′ : (M,a) → (T ′, c′) := λ(T, c) the transformation
g := ϕ′−1 ◦ λ ◦ ϕ ∈ Aut(M,a) satisfies g∗(v) = {ϕ′∗(v′ ∂/∂z ) : v′ ∈ V ′} for V ′ := λ(V ).
Conversely, suppose that an abelian Lie subalgebra v ⊂ g with (i), (ii) is given. Then e is an abelian
complex Lie algebra and by Lemma 2.1 the evaluation map εa : e → TaZ is a complex linear isomorphism.
Denote by E the complex vector space underlying e and by V ⊂ E the real vector space underlying v .
By the implicit function theorem there exist open neighbourhoods U of 0 ∈ E and W of a ∈ Z such that
ψ(ξ) := exp(ξ)(a) ∈ W is defined for every vector field ξ ∈ U and ψ : U → W is a biholomorphic
mapping with ψ(0) = a. For ϕ := ψ−1 then ϕ(W ∩M) is an open piece of a tube T = V + iF ⊂ E, that
is, ϕ : (M,a)→ (T, 0) gives a tube realization with v = {ϕ∗(v ∂/∂z ) : v ∈ V }. Now fix a g ∈ Aut(M,a).
Then also v ′ := g∗(v) with e ′ := v ′⊕ iv ′ satisfies (i), (ii) and thus gives a tube realization ϕ′ : (M,a) →
(T ′, 0) according to the procedure above. Since e , e ′ are abelian, there is a complex linear isomorphism
λ : E → E′ with λ(ψ(ξ)) = ψ′(g∗(ξ)) for all ξ in a neighbourhood of the origin in E. But this means that
λ : (T, 0)→ (T ′, 0) is an affine equivalence.
Notice that e is maximal abelian in hol(Z, a) by Lemma 2.1. In case M is holomorphically non-
degenerate the condition (i) above is automatically satisfied and v is maximal abelian in hol(M,a).
4.2 Remark. A different characterization of abelian Lie subalgebras v giving rise to tube realizations of
(M,a) occurs already in [1]. Instead of (i), (ii) there v has to act without isotropy and transversally to the
holomorphic tangent bundle.
Tubes T = V + iF have a special property: τ(x + iy) := −x+ iy for all x ∈ V , y ∈ F defines an
anti-CR map τ : T → T with τ2 = id and τ(a) = a for all a ∈ iF ⊂ T . This motivates the following
considerations.
Involutions. In this subsection M stands for an arbitrary CR-manifold. A real-analytic mapping τ : M →
M is called an involution of M if it is anti-CR and satisfies τ2 = id. If in addition τ(a) = a for a given
a ∈ M we call τ an involution of M at a or of the CR-manifold germ (M,a). Two involutions τ , τ ′
of (M,a) are called equivalent if τ ′ = gτg−1 for some g ∈ Aut(M,a). Every involution τ of (M,a)
splits various linear spaces, associated with the germ (M,a), into their ±1-eigenspaces. To indicate the
dependence on τ we mark the +1-eigenspaces by an upper index τ and the −1-eigenspaces by an upper
index −τ , e.g. TaM = TτaM ⊕ T−τa M , HaM = HτaM ⊕ H−τa M and g = g τ ⊕ g−τ for g := hol(M,a).
Clearly (TaM)τ = Ta(Mτ ). Crucial for the explicit determination of all tube realizations for (M,a) is the
following reformulation of Proposition 4.1, compare e.g. [11].
4.3 Proposition. Proposition 4.1 remains valid if (i) is replaced by
(i’) There exists an involution τ of (M,a) with v ⊂ g−τ .
The involution τ in (i’) is uniquely determined by v and satisfies
(iii) dimaMτ = CR-dimM , or equivalently, dimT−τa M = dimCZ .
In particular, for every g ∈ Aut(M,a) the involution τ ′ corresponding to v ′ := g∗(v) ⊂ g is given by
τ ′ = g ◦ τ ◦ g−1.
Proof. (i’) =⇒ (i) is obvious. Therefore let us assume conversely that the abelian subalgebra v ⊂ g satisfies
(i) and (ii). Without loss of generality we assume by Proposition 4.1 that M = V + iF is a tube submanifold
of E = V ⊕ iV , that a ∈ iF and that v = {v ∂/∂z : v ∈ V }. Then the involution τ(x+ iy) = −x+ iy of
(M,a) satisfies (i’) and (iii). Now suppose that τ ′ is a further involution of (M,a) with the same properties.
Then g := τ ◦ τ ′ ∈ Aut(M,a) satisfies g∗(α∂/∂z ) = α∂/∂z for all α ∈ V and hence also for all α ∈ E.
But then g = id and τ ′ = τ .
4.4 Remark. The explicit determination of all tube realizations for (M,a) up to affine equivalence requires
by Proposition 4.1 that, up to conjugation by the stability group Aut(M,a), all abelian Lie subalgebras
v ⊂ hol (M,a) have to be found that satisfy the conditions (i), (ii). Proposition 4.3 restricts the search
(and with it the amount of computation) to the following: Determine first, up to conjugation, all involutions
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of (M,a) that satisfy (iii) and then, for every such involution τ , search for suitable v ’s in g−τ . As an
application of that method we classify algebraically in the forthcoming paper [11] all local tube realizations
of Levi nondegenerate hyperquadrics Q ⊂ Cn. These are locally CR-equivalent to the hypersurfaces S1pq
occurring in the next section and have the special property that every germ (Q, a) has, up to equivalence, a
unique involution satisfying (iii).
5. Classification of involutions for a special class of CR-manifolds
Fix in the following arbitrary integers p, q ≥ m ≥ 1 and denote by G the Grassmannian of all
linear m-spaces in Cn, n := p + q. Then G is a compact complex manifold of dimension m(n − m)
on which SL(n,C) acts transitively by holomorphic transformations. The group Aut(G) coincides with
PSL(n,C) = SL(n,C)
/
center, unless p = q > 1 (in which case there is a second connected component of
Aut(G)). To avoid totally real examples we exclude the case p = q = m for the rest of the section.
Consider on Cn the real-valued function h defined by
h(z) = (u|u)− (v|v) for all z = (u, v) ∈ Cp ⊕ Cq
with ( | ) being the standard inner product and identify SU(p, q) ⊂ SL(n,C) with the subgroup of all
transformations leaving h invariant. Then the connected real submanifold
(5.1) S := Sp,qm :=
{
L ∈ G : h(L) = 0}
is the unique closed (and hence compact) SU(p, q)-orbit in G. As CR-submanifold S is generically embed-
ded in G with CR-dimension m(n − 2m) and CR-codimension m2. Furthermore, a dense open subset of
S can be realized as a real quadric in Cn−m, g := su(p, q) = hol (S) ∼= hol(S, a) holds for every a ∈ S,
compare [17] for details. As a consequence of Theorem 1.3 in [15] every CR-isomorphism between domains
D1,D2 of S extends to a biholomorphic automorphism of G leaving S invariant. Since S has a global (anti-
CR) involution (see the following classification) also every anti-CR-isomorphism between domains D1,D2
of S extends to a global antiholomorphic automorphism of G leaving S invariant. For the classification of
all involutions of the germ (S, a) it is therefore enough to determine all global involutions of S.
Classification of all involutions on S. Let a global involution τ of S (not necessarily having a fixed point)
be given. Then τ extends to an antiholomorphic automorphism of G that we also denote by τ . Also, the
involution induced by τ on l := sl(n,C) ∼= aut (G) will be denoted by the same symbol. The fixed point
submanifold Gτ of G is either empty or a real form of G. One can show that there are integers ε, δ with
ε2 = δ2 = 1 together with an antilinear endomorphism τ˜ of Cn such that τ˜2 = ε id, h ◦ τ˜ = δh and
τ(L) = {τ˜(z) : z ∈ L} for all L ∈ G. Depending on the value of ε we have the following two cases.
ε = 1 : Then lτ ∼= sl(n, IR) and Gτ can be identified with the real Grassmannian of all real linear m-
spaces in IRn.
ε = −1 : This case can only occur if n is even and then l τ ∼= sl(n/2, IH), where IH is the field of quater-
nions. Furthermore, Gτ is empty if and only if m is odd.
The precise classification requires some work. Here we state only the final result: It turns out that for every
given p, q the possible pairs (ε, δ) stand in a one-to-one relation with the SU(p, q)-conjugation classes of
involutions on S = Sp,qm . More explicitly, every such involution is conjugate to exactly one of the following
types I – IV, where we write every (row) z ∈ Cn in the form z = (u, v) with u ∈ Cp and v ∈ Cq. Also, for
every integer d ≥ 1 we put Jd :=
(
0 1
−1 0
)
∈ GL(2d,Z) .
I: (ε, δ) = (1, 1) and τ˜(z) = z. The fixed point set Sτ has dimension m(n− 2m) and is an orbit of the
subgroup SO(p, q) ⊂ SU(p, q). Also lτ = sl(n, IR) and g τ = so(p, q) for the τ -fixed point subsets.
II: (ε, δ) = (1,−1), p = q and τ˜(z) = (v, u). Here Sτ = Gτ has dimension m(n − m). Also
l τ ∼= sl(2p, IR) and g τ ∼= sp(p, IR).
III: (ε, δ) = (−1, 1), p = 2p′, q = 2q′ are even and τ˜(z) = (uJp′ , vJq′). Here l τ ∼= sl(p′ + q′, IH) and
g τ ∼= sp(p′, q′).
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IV: (ε, δ) = (−1,−1), p = q and τ˜(z) = zJp = (−v, u). Here l τ ∼= sl(p, IH) and g τ ∼= so(p, IH).
Furthermore, Sτ has dimension m(n−m− 1) if m is even.
From the above classification we see that in case m odd for every a ∈ S there exists exactly one conjugation
class of involutions of the germ (S, a) which satisfies condition (iii) in Proposition 4.3 (namely the one
given by type I above). Also, for the types II, IV, every m and every a ∈ Sτ the germ (S, a) never satisfies
condition (iii) in 4.3.
6. A coarser equivalence relation
In general, for a given tube submanifold T = V + iF of E = V + iV , there is an infinite subset
A ⊂ T such that for every a 6= b in A the germs (T, a), (T, b) are affinely inequivalent - even if T is locally
homogeneous and hence all (T, a), (T, b) are CR-equivalent. As an example consider in C2 the closed tube
hypersurface T = IR2 + iF with
F := {x ∈ IR2 : cos x1 = ex2 , |x1| < π/2}
(the boundary of the middle gray domain in Figure 1, Section 8). Consider the function f(z) := Im(z2) on
T . Then for every a, b ∈ T the germs (T, a), (T, b) are CR-isomorphic, (in fact, T is locally CR-isomorphic
to the euclidian sphere S3 ⊂ C2) but they are affinely equivalent if and only if f(a) = f(b). Therefore
T gives rise to a continuum of mutually affinely inequivalent tube realizations of the CR-germ (T, 0). This
phenomenon motivates the introduction of a coarser equivalence relation that puts all germs (T, a), a ∈ T ,
into a single equivalence class. The construction is motivated by the concept of a sheaf:
For fixed E = V C let T = T (V ) be the set of all (real-analytic) germs (T, a) with T = V + iF an arbitrary
tube submanifold of E and a ∈ T . Furthermore define π : T → E by (T, a) 7→ a. Then T becomes in the
standard way a Hausdorff topological space over E – the topology on T is the coarsest one such that for
every tube submanifold T ⊂ E the subset [T ] := {(T, a) : a ∈ T} is open in T . The space T has in a unique
way the structure of a (disconnected) CR-manifold by requiring that π : [T ] → T is a CR-isomorphism for
every tube submanifold T ⊂ E. Every real affine transformation g ∈ Aff(V ) ⊂ Aff(E) (the respective
affine transformation groups) gives rise to a CR-automorphism of T by g(T, a) := (gT, ga), that we also
denote by g. However, it should be noticed that the corresponding action of the Lie group Aff(V ) on T is
discontinuous. Nevertheless, every connected component of T is invariant under the (continuous) action of
the translation subgroup V ⊂ Aff(V ) and therefore may be considered as a generalized tube manifold over
E. For every (connected) tube submanifold T ⊂ E denote by T˜ the connected component of T containing
[T ] and call the pair (T˜ , π) the abstract globalization of T and also of every tube germ (T, a), a ∈ T . Since
the translation group V ⊂ Aff(E) acts on T˜ by CR-transformations we may consider T˜ as tube manifold
over E via π.
6.1 Definition. The tube manifold germs (T, a), (T ′, a′) in E = V C are called globally affinely equivalent
if T˜ ′ = g(T˜ ) for the corresponding abstract globalizations and a suitable g ∈ Aff(V ).
In case π(T˜ ) is a (locally closed) submanifold of E, we call π(T˜ ) the globalization of (T, a) and
denote it by T̂ . Clearly, then π : T˜ → T̂ is a CR-isomorphism. Furthermore, T̂ is a tube submanifold of
E containing T as an open submanifold and also is maximal with respect to this property. As an example,
every closed tube submanifold T ⊂ E is the globalization of each of its germs (T, a), a ∈ T .
In the following we assume for the CR-manifold germ (M,a) that the Lie algebra g := hol (M,a)
has finite dimension. Then, in particular, (M,a) is holomorphically nondegenerate and we denote as usual
with Int(g) ⊂ Aut(g ) the inner automorphism group of g , that is, the subgroup generated by all exp(ad ξ),
ξ ∈ g . Finally, for every a ∈M let
ρa : hol(M) →֒ hol(M,a)
be the restriction mapping. Then we have
6.2 Lemma. Suppose that ρa : hol(M)→ g = hol (M,a) is bijective. Then g 7→ ρag∗ρ−1a defines a group
homomorphism Aut(M) → Aut(g) that sends H to Int(g), where H ⊂ Aut(M) denotes the subgroup
generated by exp(aut (M)). For every g ∈ Aut(M) and b := g(a) also ρb : hol (M) → hol(M, b) is
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bijective. Furthermore, for every abelian subalgebra w ⊂ hol(M) such that ρa(w ) ⊂ g gives a local tube
realization, also ρb(g∗w ) ⊂ hol (M, b) gives a local tube realization and both are affinely equivalent.
Proof. From ρaAd(exp ξ) = ρaexp(ad ξ) = exp(ad ρa(ξ))ρa for all ξ ∈ aut (M) we see that H maps into
Int(g). The other statements are obvious.
The following global statement will be one of the key ingredients in the proof of the following The-
orem 7.1. Both of these results allow to reduce the classification problem for tube realizations of (M,a) in
many cases to a purely algebraic one.
6.3 Proposition. Let Z be a complex manifold and M ⊂ Z a generically embedded minimal CR-submani-
fold. Assume that, for a given point a ∈ M , g := hol(M,a) has finite dimension and every germ in
g extends to a vector field in aut (M). Let v , v ′ ⊂ g be abelian subalgebras giving rise to local tube
realizations of (M,a) according to Proposition 4.1 and assume that every germ in e := vC ⊂ hol(Z, a)
extends to a vector field in aut(Z). Then the local tube realizations of (M,a) given by v , v ′ are globally
affinely equivalent if v = λ(v ′) for some λ ∈ Int(g).
Proof. For simpler notation we identify the Lie algebras hol(M) and g via the isomorphism ρa : hol(M)→
g . Since aut (M) = hol(M), for every λ ∈ Int(g) with v = λ(v ′) there exists a transformation g ∈ G with
λ = Ad(g) = g∗, where G is the group H from Lemma 6.2. For b := g(a) the abelian subalgebras v ′ ⊂ g
and ρb(v) ⊂ hol(M, b) give affinely equivalent local tube realizations. Therefore we have to show that the
abelian subalgebras v ⊂ g and ρb(v) ⊂ hol(M, b) give globally affinely equivalent tube realizations of the
germs (M,a) and (M, b). To begin with let E and V be the vector spaces underlying e and v , compare the
proof of Proposition 4.3. Then the locally biholomorphic map ψ : E → Z , ξ 7→ exp(ξ)(a), is the universal
covering of an open subset O ⊂ Z with Z\O analytic in Z . Denote by T the connected component of
ψ−1(M) that contains the origin of E. By Lemma 2.2 the intersection M ∩ O is connected, that is, there
is a point c ∈ T with ψ(c) = b. Now T is a tube submanifold of E and the tube germ (T, 0) is affinely
equivalent to the tube realization of (M,a) given by v ⊂ hol(M,a). Also the tube germ (T, c) is affinely
equivalent to the tube realization of (M, b) given by ρb(v) ⊂ hol(M, b). This proves the claim.
6.4 Corollary. In case M in Proposition 6.3 is closed in Z , the tube realization of (M,a) given by v is
affinely equivalent to the germ (T, 0) with T ⊂ E a suitable closed tube submanifold containing the origin.
In other words, the germ (T, 0) has a closed globalization T̂ in E.
Proof. With the notation of the proof for Proposition 6.3 the intersection M ∩O is closed in O. Hence also
T ⊂ E is closed.
Since every M = Smpq, compare (5.1), is closed in Z = G and the assumptions of Proposition 6.3
are satisfied for M ⊂ Z , we have: Every tube submanifold of Cr locally CR-equivalent to Smpq extends to a
closed tube submanifold of Cr with the same property. For the special case m = 1 this statement is already
contained in [14].
In case the manifold M is not closed in Z the globalization of a local tube realization for M may be no
longer closed in E. For a typical example compare the lines following (9.4).
7. The subgroup Glob(M,a) ⊂ Aut(hol (M,a))
In certain cases also the converse of Proposition 6.3 is true. Let us denote for g = hol (M,a) by
Glob(M,a) ⊂ Aut(g) the subgroup generated by
Int(g) together with Ad
(
Aut(M,a)
)
= {g∗ : g ∈ Aut(M,a)} .
Clearly, Int(g) is a connected subgroup ofGlob(M,a) and coincides with the connected identity component
of Aut(g ) if g is semi-simple. For the complex manifold Z and the CR-submanifold M ⊂ Z we will need
the following
Condition P: Every CR-isomorphism of germs (M,a) → (M, b) with a, b ∈ M extends to an automor-
phism g ∈ Aut(Z) with g(M) =M .
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Condition Q: There exists an antiholomorphic automorphism τ of Z with τ(M) =M .
Notice that if Conditions P and Q are satisfied for M ⊂ Z simultaneously then also every anti-CR-
isomorphism of germs θ : (M,a) → (M, b), a, b ∈ M , extends to an antiholomorphic automorphism θ of
Z leaving M invariant. Indeed, for c := τ(b) the CR-isomorphism τ ◦ θ : (M,a) → (M, c) extends to a
g ∈ Aut(Z) with g(M) =M . But then τ−1 ◦ g is the antiholomorphic extension of θ to Z .
7.1 Theorem. Let Z be a compact complex manifold and M ⊂ Z a homogeneous generically embedded
closed CR-submanifold satisfying condition P. Then, given a ∈ M , any two local tube realizations of the
germ (M,a) given by the abelian Lie subalgebras v , v ′ ⊂ g are globally affinely equivalent if and only if
v = λ(v ′) for some λ ∈ Glob(M,a). Furthermore, the Lie algebra g := hol (M,a) has finite dimension.
Proof. Aut(Z) is a complex Lie group in the compact-open topology with Lie algebra aut (Z) = hol (Z)
since Z is compact. Every ξ ∈ g defines a local flow in a small open neighbourhood of a ∈M and thus a one
parameter subgroup of Aut(Z) by condition P. Therefore every such ξ extends to a vector field in hol (Z)
tangent to M . Identifying g and hol(M) as before via the isomorphism ρa we have g = hol (M) ⊂ hol(Z).
In particular, g has finite dimension. Let G ⊂ Aut(M) be the subgroup generated by exp(aut (M)). Then
G acts transitively on M since by assumption M is homogeneous. Therefore every g ∈ Aut(M) is of the
form g = g1g2 with g1 ∈ G and g2(a) = a. This implies
(∗) Ad(Aut(M)) ⊂ Int(g)Ad(Aut(M,a)) = Glob(M,a) .
‘if’ In case λ ∈ Ad(Aut(M,a)) the abelian Lie algebras v , v ′ already give affine equivalent local tube
realizations of (M,a) by Proposition 4.1. It is therefore enough to discuss the case λ ∈ Int(g). But this
follows immediately with Proposition 6.3.
‘only if’ By Corollary 6.4 there are closed tube submanifolds T, T ′ of E = V C containing the origin such
that (T, 0) and (T ′, 0) are the local tube realizations of (M,a) determined by v and v ′. Also there are locally
biholomorphic mappings ψ,ψ′ : E → Z with ψ(0) = ψ′(0) = a and such that ψ(T ) as well as ψ′(T ′) are
open in M , compare the proof of Proposition 6.3. Now assume that (T, 0) and (T ′, 0) are globally affinely
equivalent. Then there exists a complex affine automorphism h of E with T = h(T ′) (but not necessarily
with h(0) = 0). By condition P there is a unique g ∈ Aut(Z) with
(†) g ◦ ψ′ = ψ ◦ h
and g(M) = M . Put b := g(a) and c := h(0). Then ψ(c) = b and λ := Ad(g) ∈ Glob(M,a) by (∗). For
V := {v ∂/∂z : v ∈ V } ⊂ hol (E) we have
h∗(ρ0(V)) = ρc(V), ψ∗(ρc(V)) = ρb(v) and ψ′∗(ρ0(V)) = ρa(v ′),
where ρb is the restriction map, introduced just before 6.2. This implies ρb(v) = ρb(λ(v ′)) by (†) and hence
v = λ(v ′) as desired.
An example for Theorem 7.1. As an example for a pair M ⊂ Z satisfying all the assumptions in 7.1
we may take the complex projective space Z = IPr together with the compact homogeneous hypersurface
S = Sp,q1 from (5.1) as M , where the integers p, q, r ≥ 1 satisfy p+q = r+1 ≥ 3. Condition P for example,
is satisfied by Theorem 6 in [20]. Then L := Aut(Z) = PSL(r + 1,C) and G := {g ∈ L : g(S) = S}
can be canonically identified with Aut(M). The real Lie group G has (1 + δp,q) connected components,
the connected identity component G0 = PSU(p, q) is a real form of L0. For the Lie algebras we have
l := hol (Z) = sl(r + 1,C) with real form g := hol(S) = su(p, q). If we fix a ∈ S and identify the
Lie algebras g , hol(S, a) via the restriction operator ρa we have Glob(S, a) = Ad(G) ∼= G. In particular,
Glob(S, a) = Int(g) if p 6= q.
Now suppose that e ⊂ l is a complex abelian subalgebra such that the subgroup exp(e) ⊂ L has
an open orbit O in IPr. By Lemma 2.1 then e has dimension r and is maximal abelian in l . The orbit O
consists of all points c ∈ Z = IPr with εc(e) = TcZ , and the complement A := IPr\O is the union
A = H1 ∪H2 ∪ · · · ∪Hk of k ≤ r + 1 complex projective hyperplanes Hj in IPr. Clearly, the conjugacy
class of e in l modulo the action of L depends on the L-orbit of A in the space of all analytic subsets in IPr.
Suppose in addition that e = vC for v := e ∩ g and fix a point a ∈ O ∩ S. Put E := Cr, V := iIRr
and choose a complex linear isomorphism Ξ : E → e with Ξ(V ) = v . Then the locally biholomorphic map
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ψ : E → O, z 7→ exp(Ξz)a, realizes E = Cr as universal cover of the domain O. The intersection O ∩ S
is a closed CR-submanifold of O and divides O\S into the two connected components O± := O ∩ S±. In
general the pre-image ψ−1(S) in E decomposes into several connected components which only differ by a
translation in E. Let T be one of these. Then by Corollary 6.4 T is a closed tube submanifold of E and a
covering of O ∩ S via ϕ.
In the next section we will discuss the special case p = 1.
8. The standard sphere
In this section we consider for fixed r ≥ 2 the euclidian hypersphere
(8.1) S := {z ∈ Cr : (z|z) =
∑
zkzk = 1} .
S is the boundary of the euclidian ball B := {z ∈ Cr : (z|z) < 1}, a bounded symmetric domain of
rank 1. We always consider Cr as domain in the complex projective space IPr by identifying the points
(z1, . . . , zr) ∈ Cr and [1, z1, · · · , zr] ∈ IPr. In this sense S can also be written as
S =
{
[z0, · · · , zr] ∈ IPr : z0z0 =
∑
k>0
zkzk
}
,
which is the case p = 1, q = r at the end of the preceding section. Every g ∈ Aut(S) extends to a
biholomorphic automorphism of IPr leaving the ball B = S+ as well as the outer domain IPr\B = S−
invariant and thus gives isomorphisms of the groups
G := Aut(S) ∼= Aut(S±) ∼= {g ∈ Aut(IPr) : g(S) = S} ∼= PSU(1, r) ,
which we identify in the following. In particular, S is homogeneous and G is a real form ofL := Aut(IPr) =
PSL(r + 1,C). It is well known that Auta(S) = Aut(S, a) holds for every a ∈ S and that Aut(S, a) acts
transitively on the ball B.
In the following we describe some abelian Lie subalgebras v ⊂ g := hol(S) that lead to local tube
realizations of S. Every vector field in l := gC = hol (IPr) is polynomial of degree ≤ 2 in the coordinate
z = (z1, . . . , zr) of Cr and
g =
{
(α+ zu− (z|α)z) ∂/∂z : α ∈ Cr, u ∈ u(r)
}
.
With E := Cr and V := iIRr we start with an arbitrary but fixed α ∈ V and consider the abelian subalgebra
v := IR
(
α− (z|α)z) ∂/∂z ⊕ {zu ∂/∂z : u ∈ u(r) diagonal with αu = 0} ⊂ g .
Then e := vC ⊂ l has an open orbit O ⊂ IPr and, fixing a complex linear isomorphism Ξ : Cr → e as at
the end of the preceding section, we get the universal covering map ϕ : Cr → O.
In case α = 0 we have O = (C∗)r and ϕ can be chosen as ϕ(z) = (ez1 , . . . , ezr). Then T := ϕ−1(S) =
F + iIRr is the tube with base
F = {x ∈ IRr : e2x1 + e2x2 + . . .+ e2xr = 1} .
With e2x1 − 1 = 2ex1 sinhx1 it is obvious that F is affinely equivalent in IRr to the hypersurface
Π− :=
{
x ∈ IRr : sinhx1 =
∑
k>1
exk
}
occurring in Theorem 2 of [7]. Notice that IPr\O = H0 ∪ H1 ∪ · · · ∪ Hr is the union of r+1 projective
hyperplanes in general position with H1, . . . ,Hr intersecting S transversally and H0 not meeting S.
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In case α = (i, 0, . . . , 0) we have O =
{
[z] ∈ IPr : (z20 + z21)z2z3 · · · zr 6= 0
}
and ϕ can be chosen as
ϕ(z) = [cos z1, sin z1, e
z2 , . . . , ezr ] for all z ∈ Cr .
ϕ−1(S) has a countable number of connected components which differ by a translation in IRr. One of them
is the tube T := F + iIRr with base
F =
{
x ∈ IRr : 2(sin x1)2 +
∑
k>1
e2xk = 1, |x1| < π4
}
.
With 2(sinx1)2 = 1− cos 2x1 it is clear that F is linearly equivalent in IRr to
Π+ :=
{
x ∈ IRr : cos x1 =
∑
k>1
exk , |x1| < π/2
}
from [7]. Here IPr\O again is the union of r+1 projective hyperplanes in general position, but all of them
intersect S and two even tangentially. Figure 1 depicts in case r = 2 the base of Π+ as the boundary of the
‘central’ gray domain in IR2. Also, the tube over the white region is the universal cover of S− ∩O, and the
tube over every gray region is the universal cover of {z ∈ B : z2 6= 0} via ϕ.
−
0.1
0.2
pi 2pi−pi−2pi x1
x2
Figure 1
Notice that the abelian subalgebras v ⊂ g giving the two tube realizations Π± represent just the two
conjugation classes of Cartan subalgebras of g ∼= su (r, 1) (= maximal abelian subalgebras consisting of
ad-semisimple elements).
To get further local tube realizations another description of S is convenient: Consider the classical
Cayley transform γ ∈ Aut(IPr) defined by
(8.2) γ([z]) :=
[
z0 − z1, z0 + z1,
√
2z2, . . . ,
√
2zr
]
.
Then the biholomorphic image γ(S) in IPr is of the form
S′ := γ(S) =
{
z ∈ Cr : z1 + z1 =
r∑
k=2
zkzk
} ∪ {[0, 1, 0, . . . , 0]} .
With g = hol(S) and l = gC as before let g ′ := hol (S′) = γ∗g . For fixed 1 ≤ s ≤ r let v ′ be the linear
span of the vector fields
i ∂/∂z1, izr
∂/∂zr and i( ∂/∂zj − zj ∂/∂z1) for 1 < r ≤ s and s < j ≤ r
(written in the coordinate z of Cr). Then v ′ is an abelian subalgebra of g ′ and e ′ := v ′⊕ iv ′ ⊂ l has the
open orbit
O′ := {z ∈ Cr : z2z3 · · · zs 6= 0}
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in IPr . As a consequence, IPr\O′ is the union of s mutually different projective hyperplanes. As ϕ′ : Cr →
O′ we can choose
ϕ′(z) :=
(
(z1 − 1
2
∑
j>s
z2j , e
z2 , . . . , ezs , zs+1, . . . , zr)
)
and obtain the corresponding tube realization with base
Fs :=
{
x ∈ IRr : x1 =
s∑
j=2
e2xj +
∑
j>s
x2j
}
.
Fs is affinely equivalent to the hypersurface Πs−1,r−1 in [7] and the tube Fs+ iIRr is the universal covering
of
{z ∈ S : (z1 − 1)z2 · · · zs 6= 0}
via the map ϕ := γ−1ϕ′ .
So far we have obtained r + 2 local tube realizations of S which are mutually globally affinely in-
equivalent and closed in Cr . Among these there is precisely one affinely homogeneous one – the tube with
base F1 = {x ∈ IRr : x1 =
∑
j>1 x
2
j}. This is the unique algebraic tube realization and also the only case
where ϕ : Cr → O is bijective and where O ∩ S is simply connected.
By [7] the examples above give, up to affine equivalence, all closed smooth tube submanifolds in Cr
that are locally CR-equivalent to the standard sphere S = S1r.
9. Further examples
Our methods work best for CR-manifolds that are homogeneous (or at least locally homogeneous).
One way to get large classes of CR-manifolds of this type is as follows: Choose a connected complex Lie
group L acting holomorphically and transitively on a complex manifold Z , that is, Z = L/P for a closed
complex Lie subgroup P of L. Choose furthermore a real form G of L, that is, a connected real Lie subgroup
such that l = gC for the corresponding Lie algebras. Then for every a ∈ Z the G-orbit S := G(a) is an
(immersed) CR-submanifold that is generically embedded in Z (since εa(l) = TaZ). Clearly, the cases S
open in Z and S totally real in Z are not interesting in our situation since for these the local CR-structure
is trivial and for every a ∈ S there exists exactly one tube realization of (S, a) up to affine equivalence.
A case well understood in the group level is when Z is a flag manifold, that is, L is semisimple and
P is a parabolic subgroup. Then, in particular, Z is a compact rational projective variety. The simplest flag
manifold is the complex projective space IPr of dimension r ≥ 1. In this case we may take L = SL(r+1,C)
which is the universal cover of the group Aut(IPr). The only real forms G of L having an orbit in IPr
that is neither open nor totally real are, up to conjugation, the subgroups SU(p, q) with p ≥ q ≥ 1 and
m := p+q = r+1. For the sake of completeness note that the real form G = SL(m, IR) has as unique non-
open orbit the real projective space IPr(IR) ⊂ Z . This orbit is totally real and admits up to affine equivalence
a unique closed local tube realization in E = Cr , namely IRr ⊂ Cn. The real form SU(m) and, in case m
is even, also the real form SL(m/2, IH) act transitively on IPr.
SU(1, 1) is conjugate to SL(2, IR) in L, so we assume r > 1 in the following. Then G has again
a unique non-open orbit in Z , the compact hypersurface S = Spq, compare 5.1. With γ ∈ Aut(IPr) the
Cayley transform defined in (8.2)
(9.1) Q := γ(S) ∩ Cr =
{
z ∈ Cr : z1 + z1 =
r∑
j=2
εjzjzj
}
, εj :=
{−1 j ≤ p
1 j > p
,
is the non-singular hyperquadric with Levi form of type (p−1, q−1). Now fix an integer d with 1 ≤ d ≤ r.
The biholomorphic automorphism
(z1, . . . , zr) 7−→
(
z1 +
1
2
d∑
j=2
εjz
2
j , z2, . . . , zr
)
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of Cr maps Q to the submanifold
Q′ :=
{
z ∈ Cr : z1 + z1 = 1
2
d∑
j=2
εj(zj + zj)
2 +
r∑
j=d+1
εjzjzj
}
.
Notice that Q′ has Siegel form, compare Section 10,
(9.2) Q′ := {(v,w) ∈ Cd ⊕ Cr−d : (v + v)− F (w,w) ∈ C} ,
where F (w,w) :=
(∑r−d
j=1 εd+jwjwj , 0, . . . , 0
) ∈ IRd and
C :=
{
x ∈ IRd : x1 = 1
2
d∑
j=2
εjx
2
j
}
.
In particular, Q′ is a tube manifold in case d = r.
The next class of flag manifolds, to which our methods can easily by applied, is given by the irre-
ducible compact hermitian symmetric spaces Z . Let L be the universal covering of the connected identity
component of Aut(Z). Then L is a simple complex Lie group acting transitively on Z and every real form
of L has finitely many orbits in Z that are all generically embedded CR-submanifolds. There exists a real
form G of L with an open orbit D that is biholomorphically equivalent to a bounded symmetric domain.
Suppose that D is of tube type and choose a G-orbit S ⊂ Z that is neither open nor totally real. Then S
is Levi degenerate (in fact is 2-nondegenerate) and hol(S) = hol(S, a) is isomorphic to the Lie algebra
g of G for every a ∈ S, compare [18]. As a special example consider for fixed p ≥ 2 and m := 2p the
Grassmannian Z of all linear subspaces of dimension p in Cm. Then Z has complex dimension n := p2,
L = SL(m,C) and we can take G = SU(p, p). Now let E := Cp×p be the space of all complex p×p-
matrices and V := {z ∈ E : z∗ = z} the IR-linear subspace of all hermitian matrices, where z∗ is the
transpose conjugate of the matrix z. The G-orbits in Z are in 1-1-correspondence to the cones
(9.3) Cpj,k :=
{
x ∈ V : x has type (j, k)}, j, k ≥ 0 and j + k ≤ p ,
in such a way that for every G-orbit S with corresponding Cpj,k the tube submanifold
(9.4) T pj,k := V + iC
p
j,k ⊂ E
is CR-equivalent to an open dense subset of S, see [18]. Notice that T p0,0 is the only closed tube submanifold
of E among the T pj,k in (9.4) and corresponds to the unique closed G-orbit in Z (totally real and diffeomor-
phic to the unitary group U(p)). On the other hand, all non-open tubes T pj,k, that is j + k < p, are their own
globalization in the sense of Section 6. Every cone Cpj,k is an orbit of the group GL(n,C) acting linearly on
V by x 7→ gxg∗, that is, every tube T pj,k is affinely homogeneous. All tubes T pj,k with 0 < j + k < p satisfy
the conditions P and Q of Section 7.
10. CR-manifolds of Siegel type
In the following we generalize the notion of a tube CR-manifold. Let V be a real and W a complex
vector space each of finite dimension. Let furthermore F :W ×W → V C be a V -hermitian (vector valued)
form, that is, complex linear in the first, antilinear in the second variable and F (w,w) ∈ V for everyw ∈W .
Throughout we assume that F is nondegenerate, that is, F (w,W ) = 0 implies w = 0 for every w ∈W . For
every real-analytic submanifold C ⊂ V and Im(x+ iy) := y for all x, y ∈ V then
(10.1) Σ := {(z, w) ∈ V C ⊕W : Imz − F (w,w) ∈ C}
Fels and Kaup, CR-tube realizations 17
is a real-analytic CR-submanifold of E := V C ⊕ W and is called a Siegel CR-submanifold. The CR-
geometry of Σ is closely related to the associated tube T := Σ ∩ V C = V + iC in V C . The submanifold Σ
is generically embedded in E and Aut(Σ) contains the nilpotent subgroup
N :=
{(
z, w
) 7→ (z + v + 2iF (w, c) + iF (c, c), w + c) : v ∈ V, c ∈W}
acting by affine transformations on E. Obviously Σ = N(T ) if we consider T in the canonical way as
submanifold of Σ. The Lie algebra
n = {(2iF (w, c) + v) ∂/∂z + c ∂/∂w : v ∈ V, c ∈W} ⊂ aut(Σ)
of N is nilpotent of step ≤ 2 and can be considered as a subalgebra of hol(Σ, a) with εa(nC) = E for every
a ∈ Σ.
In a way, the nilpotent Lie subalgebras n ⊂ hol (M,a) play the same role for Siegel realizations of a
CR-manifold germ (M,a) as the abelian subalgebras v ⊂ hol (M,a) do for tube realizations.
Next we are interested in finite dimensionality conditions for g := hol(Σ, a), where Σ is as in (10.1).
We start by recalling (see e.g. [18] for details) the
Iterated Levi kernels. Let M be a CR-manifold of constant degeneracy (for instance if M is locally homo-
geneous). Then there exists an infinite descending chain of complex subbundles
HM = H 0M ⊃ H 1M ⊃ · · · ⊃ H kM ⊃ . . .
where for every a ∈M the fiber H kaM , the kth Levi kernel at a, is defined recursively as follows: Choose a
subset Ξ ⊂ Γ(M,HM) with εa(Ξ) = HaM , where Γ(M,HM) is the space of all smooth sections in HM
over M . For every η ∈ Γ(M,H kM) the vector ηa ∈ H kaM is in H k+1a M if and only if
[ξ, η]a + i[ξ, iη]a ∈ H kaM for all ξ ∈ Ξ
(this condition does not depend on the choice of Ξ). In particular, M is k-nondegenerate at every point if
and only if H kM = 0, and k is minimal with respect to this property.
10.2 Lemma. Suppose that Σ from (10.1) as well as the associated tube T = Σ ∩ V C have constant
degeneracy. Then for every a ∈ T ⊂ Σ and every k ≥ 0 there exists a complex linear subspace W ka ⊂ W
with H kaΣ = H ka T ⊕W ka . Furthermore, W 0a = W and F (W k+1a ,W ) ⊂ HkaT . In particular, HkT = 0
implies Hk+1Σ = 0.
Proof. We extend every ξ ∈ Γ(T,TΣ) to a smooth vector field ξ˜ ∈ Γ(Σ,TΣ) by requiring that for every
c ∈ W and γ ∈ N defined by γ(z, w) = (z + 2iF (w, c) + iF (c, c), w + c) we have ξ˜γ(z,0) = dγz(ξz) for
all z ∈ T . If we write
ξ = f(z) ∂/∂z + g(z) ∂/∂w
with suitable smooth functions f : T → V C and g : T →W , a simple computation shows
ξ˜ = (f(z − iF (w,w)) + 2iF (g(z), w)) ∂/∂z + g(z) ∂/∂w .
From the construction it is clear that ξ ∈ Γ(T,HkΣ) implies ξ˜ ∈ Γ(Σ,HkΣ) for all k ∈ IN. Every
ξ ∈ Γ(T,TΣ) has a unique decomposition ξ = ξ1 + ξ2 with ξ1 ∈ Γ(T,TT ) and ξ2 ∈ Γ(T, T ×W ). Let
Ξ be the space of all ξ˜ ∈ Γ(Σ,HΣ) where ξ ∈ Γ(T,HΣ) has constant second part ξ2, that is, ξ2 = c ∂/∂w
for some constant vector c ∈W . Then εa(Ξ) = HaΣ is obvious. For k = 0 the claim is obvious. Therefore
assume as induction hypothesis that the claim already holds for some fixed k ≥ 0.
Fix an arbitrary η ∈ Γ(T,HkΣ). Then ηa = (α, β) with α ∈ Hka (T ) ⊂ V C and β ∈ W . A simple
calculation shows that for every section ξ = h(z) ∂/∂z + c ∂/∂w ∈ Γ(T,HT ) with ξ˜ ∈ Ξ there exists a
vector e ∈W such that
(∗) [ξ˜, η˜]a + i[ξ˜, iη˜]a =
(
[ξ1, η1]a + i[ξ
1, iη1]a − 4iF (c, β) ∂/∂z
)
+ e ∂/∂w .
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Since h(z) and c can be chosen independently for ξ we derive from (∗) and the induction hypothesis that
(α, β) ∈ Hk+1a Σ implies α ∈ Hk+1a T and F (W,β) ⊂ HkaT . Now consider conversely an arbitrary α ∈
H
k+1
a T and fix an η ∈ Γ(T,Hk+1T ) with ηa = α. Then (∗) holds with β = e = 0 for every ξ with ξ˜ ∈ Ξ,
that is, α ∈ Hk+1a Σ. This completes the induction step k → k+1.
As an application we state
10.3 Proposition. Let Σ be an arbitrary Siegel submanifold as in (10.1) and T the associated tube manifold.
Then
(i) Σ is holomorphically nondegenerate if T has the same property.
(ii) Σ is of finite type if T has the same property or, if the set F (W,W ) spans the vector space V C .
Proof. (i) Assume that T is holomorphically nondegenerate. To show that Σ is holomorphically nonde-
generate we only have to show that Σ is holomorphically nondegenerate at some point, compare Theorem
11.5.1 in [3]. We may therefore assume without loss of generality that T is of constant degeneracy and that
H
kT = 0. But then, as a consequence of Lemma 10.2, there exists a domain U ⊂ Σ of constant degeneracy
with Hk+1U = 0.
(ii) In a first step assume that T is of finite type in a ∈ T . Then the vector fields in Γ(T,TT ) together with
all their iterated brackets span the tangent space TaT . For all ξ, η ∈ Γ(T,TT ) we have ˜[ξ, η] = [ξ˜, η˜], where
the extensions ξ˜, η˜ ∈ Γ(Σ,TΣ) are defined as in the proof of 10.2. This shows that also Γ(Σ,HΣ) together
with its iterated brackets spans the tangent space TΣa. From N(T ) = Σ we get this property at every point
of Σ.
Next assume that F (W,W ) spans V C . For every c ∈W and ξ := c ∂/∂w ∈ Γ(T,HΣ) then
ξ˜, i˜ξ ∈ Γ(Σ,HΣ) and [ξ˜, i˜ξ] = −4F (c, c) ∂/∂z .
Since, by assumption, the vectors F (c, c) span V , Σ is of finite type at every point of T and hence also at
every point of Σ.
11. Some Siegel CR-manifolds coming from bounded symmetric domains
Irreducible bounded symmetric domains come in six types and for all types the following considera-
tions could be carried out in a uniform (but more involved) approach. For simplicity we restrict our attention
only to the first type and there only to those domains that are not of tube type: Fix integers q > p ≥ 1 and
denote by Z := Gp,q the Grassmannian of all p-dimensional linear subspaces in Cn, n := p + q. Then Z
is a compact complex manifold of complex dimension pq, on which the complex Lie group L := SL(n,C)
acts transitively by holomorphic transformations in a canonical way. Because of our assumption p 6= q the
automorphism group Aut(Z) is connected and has L as universal cover. The real form G := SU(p, q) of L
has
(
p+2
2
)
orbits in Z . These can be indexed as Mp,qj,k , where j, k ≥ 0 are integers with j + k ≤ p. Indeed,
choose a G-invariant hermitian form Ψ of type (p, q) on Cn and let Mp,qj,k ⊂ Z be the set of all linear
subspaces, on which Ψ has type (j, k). For instance, the open orbit Mp,qp,0 is a bounded symmetric domain
biholomorphically equivalent to the operator ball
(11.1) B := {z ∈ Cp×q : (1 − zz∗) positive definit} ,
where the matrix space Cp×q is embedded in Z as open dense subset by identifying every c ∈ Cp×q with
its graph {(x, xc) : x ∈ Cp} ⊂ Cn. In this way Mp,q0,0 , the unique closed G-orbit in Z , corresponds to the
extremal boundary of B
∂eB := {z ∈ Cp×q : 1 = zz∗} ,
and coincides also with the Shilov boundary of B. Notice that this compact orbit already occurs as Sp,qp in
Section 5. Using a suitable Cayley transformation γ ∈ Aut(Z) it can be shown that every γ(Mp,qj,k ) in the
coordinate neighbourhood Cp×q ⊂ Z is the CR-submanifold of Siegel type
(11.2) Σp,qj,k := {(z, w) ∈ Cp×p ⊕ Cp×(q−p) : Imz − ww∗ ∈ Cpj,k} ,
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where Imz = (z − z∗)/2i and the cone Cpj,k is as in (9.3). For V := {z ∈ Cp×p : z = z∗} and W :=
Cp×(q−p) the map F : W × W → V C , (v,w) 7→ vw∗, satisfies F (w,w) = 0 only for w = 0 and
its image F (W,W ) contains all rank-1-matrices in Cp×p. In particular, F (W,W ) spans V C . Therefore, by
Proposition 10.3, all Siegel manifolds (11.2) and hence all G-orbits in Z are of finite type. Now fix a G-orbit
M = Mp,qj,k ⊂ Z that is not open in Z , that is, j + k < p. Denote by T ⊂ Cp×p the tube over Cpj,k. Then,
if j = k = 0 the tube T is totally real and hence M ∼= ∂eB is Levi nondegenerate. In all other cases, that
is 0 < j + k < p, the tube T is 2-nondegenerate, compare Theorem 4.7 in [18]. This implies with Lemma
10.2 that every such M is Levi degenerate but is holomorphically nondegenerate. In particular, for every
non-open G-orbit M in Z and every a ∈ M the Lie algebra hol(M,a) has finite dimension and contains
the simple Lie algebra g := su(p, q). On the other hand, since G has a bounded symmetric domain as orbit,
for every a ∈ M there is a local coordinate z around a ∈ Z such a is given by z = 0 and that gC contains
all translation vector fields c ∂/∂z as well as the Euler field z ∂/∂z . With Proposition 3.1 in [18] it follows
hol(M) = hol(M,a) = su(p, q) for every a ∈ M and every G-orbit M in Z which is neither open nor
closed in Z .
11.3 Proposition. Every G-orbit M ⊂ Z satisfies Condition Q of Section 7. In case M is neither open nor
closed in Z also Condition P is satisfied.
Proof. The antilinear involution z 7→ z of Cp×q leaves the ball B in (11.1) invariant and extends to an
antiholomorphic involution τ of Z = Gp,q. Therefore, τ leaves invariant every G-orbit in Z . Now assume
that the G-orbit M is neither open nor closed in Z . Then g := hol(M) ∼= su(p, q) and for every a ∈ M
the canonical restriction mapping ρa : g → hol (M,a) is an isomorphism of Lie algebras. For every a ∈M
denote by ga := {ξ ∈ g : ξa = 0} the isotropy subalgebra at a. By Proposition 2.11 in [16], ga = gb
for a, b ∈ Z only holds if a = b. The group Aut(M) ∼= PSU(p, q) is connected and for H := Aut(M) ∪
Aut(M)τ the homomorphism Ad : H → Aut(g) is an isomorphism, compare Proposition 4.5 in [16].
In particular, Aut(g ) has two connected components. Now suppose that ϕ : (M,a) → (M, b) is either a
CR-isomorphism or an anti-CR-isomorphism of germs, where a, b ∈M are arbitrary points. Then ρ−1b ϕ∗ρa
is in Aut(g). In case ρ−1b ϕ∗ρa is contained in the connected identity component Int(g ) of Aut(g ) there
exists a transformation g ∈ G such that ρ−1c ψ∗ρa = id for c := g(b) and ψ := g ϕ : (M,a)→ (M, c). This
implies a = c and even ψ = id since ρ−1c ψ∗ρa leaves invariant all isotropy subalgebras gx for all x ∈ M
near a. As a consequence, ϕ extends to the global transformation g−1 ∈ G in case ρ−1b ϕ∗ρa ∈ Int(g ). But
the case ρ−1b ϕ∗ρa /∈ Int(g) cannot occur since otherwise ρ−1e (τϕ)∗ρa ∈ Int for e := τ(b) by the above
reasoning would imply that τϕ is a CR-mapping, or equivalently, that ϕ is anti-CR.
By the above considerations we know that for every non-open G-orbit M = Mp,qj,k in Z there is an
integer 1 ≤ k ≤ 3 such that M is k-nondegenerate. In case j + k = 0 we have k = 1, and we claim that
k = 2 in all other cases (compare also [8]): Indeed, instead of M we consider the Siegel manifold Σ = Σp,qj,k
with V C = Cp×p, W = Cp×(q−p) and F (w,w) = ww∗, compare (11.2). With ρ := j + k we write all
z ∈ V C and w ∈W as block matrices
z =
(
z11 z12
z21 z22
)
and w =
(
w1
w2
)
,
where z11 ∈ Cρ×ρ, w1 ∈ Cρ×(q−p) and so forth. Fix an element a ∈ T = Σ ∩ V C with ars = 0 for
(r, s) 6= (1, 1). Then it is known that
HkaT = {z ∈ V C : zrs = 0 if k + r + s > 3} ,
compare [18] p. 480. This implies w2 = 0 for every w ∈ W 1a and thus W 2a = 0, that is, H1aΣ 6= 0 and
H2aΣ = 0.
The antiholomorphic involution θ of Z given on E = Cp×q ⊂ Gp,q by θ(z) = −z leaves every Siegel
manifold Σ = Σp,qj,k in (11.2) invariant and has fixed points there. For every such fixed point a ∈ Σ then
T
−θ
a Σ = IR
p×q
, that is, 4.3.iii holds in this situation. Assuming in the following that Σ is not open in E we
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can have a local tube realization of (Σ, a) associated with the involution θ only if there is a maximal abelian
subalgebra of g = su(p, q) with dimension pq. It can be shown that this is not possible if p > 1.
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